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Abstract — The Rayleigh distribution has received special 

attention from many researchers due to its close relations 

with important distributions which makes it useful in 

analyzing lifetime applications. In this study, a new bivariate 

Rayleigh distribution based on the Gaussian copula and 

mixture is suggested. The bivariate Rayleigh distribution is 

constructed with univariate Rayleigh distribution as 

marginals. Bayesian estimation is used to estimate the 

unknown parameters of the proposed distribution.  

Simulation study is conducted to study the effectiveness of 

the proposed bivariate Rayleigh distribution. One real data 

application is analyzed for illustrative purpose. 
 

Keywords — Bivariate Rayleigh Distribution, M Mixture 

Representation, Gaussian Copula, Bayesian Estimation. 

 

I. INTRODUCTION  
 

The Rayleigh distribution was first introduced by Lord 

Rayleigh [17] as a problem in the field of acoustics. It has 

relations with important distributions such as the Weibull, 

Chi-square, and extreme value distributions. The 

decreasing hazard function of time is another important 

characteristics of Rayleigh distribution in life time 

applications. Therefore, it becomes more useful in physics 

studies such as signal processing and the study of various 

types of radiation. Moreover, one of its applications is a 

model of wind speed variation. This type of analysis is 

used for estimating the energy recovery from a wind 

turbine. For more details see [1], [7], [8], [13]. 

The probability density function (Pdf) and the 

cumulative function of Rayleigh distribution are, 

respectively, given by 

𝑓(t) = 2αt𝑒𝑥𝑝(−𝛼𝑡2),    (1) 

𝐹(t) = 1 − 𝑒𝑥𝑝(−𝛼𝑡2),    (2) 

where α>0 is the scale parameter. Interestingly, although 

much work has been done on the univariate Rayleigh 

distribution, not much work has been done to the bivariate 

Rayleigh distribution. Various methods of constructing 

multivariate or bivariate distributions have been studied in 

the literatures. For a complete review of these methods, 

see for example, [5], [14], [16], [18].  

Adham and Walker [3] combined the mixture and 

copula ideas to introduce the bivariate Gompertz 

distribution which could be extended naturally to the 

multivariate distribution. They concluded that the resulting 

bivariate distribution is easy to analyze and has a full 

dependence structures. AL-Dayian et al. [4] have adopted 

this method to propose the bivariate half- logistic 

distribution. In addition, the bivariate half- logistic-type 

distributions is introduced by Adham et al. [2]. Recently, 

Elaal et al. [9] introduced the bivariate Burr X distribution. 

According to [3], [18], the mixture representation for a 

Pdf of a random variable T on [0,∞) can be written in the 

following form: 

𝑓(𝑡) = ∫ 𝑓(𝑡|𝑢)
Ω

𝑓(𝑢) 𝑑𝑢, 𝑓𝑜𝑟𝑎𝑙𝑙𝑢 ∈ Ω,   (3) 

where u is non-negative latent variable that follows a 

gamma distribution with shape parameter 2 and scale 

parameter 1. That is 

𝑓(𝑢) = 𝑢𝑒𝑥𝑝(−𝑢)    (4) 

Then, the mixture representation for any lifetime 

distribution can be written as 

𝑓(𝑡|𝑢) =
ℎ(𝑡)

𝑢
, 𝑢 > 𝐻(𝑡),         (5) 

where ℎ(t) and 𝐻(t) are the hazard rate function and the 

cumulative hazard rate function of T, respectively.  

The paper is outlined as follows: Section 2 presents the 

construction and estimation for the unknown parameters of 

the univariate Rayleigh distribution. Section 3 presents the 

construction of the proposed bivariate Rayleigh 

distribution. Bayesian estimation of the parameters of the 

bivariate Rayleigh is discussed in Section 4.  Simulation 

study is carried out in Section 5 to illustrate the 

performance of the proposed bivariate Rayleigh 

distribution. Real dataset application is analyzed to 

illustrate the results in Section 6. Concluding remarks 

appear in Section 7. 

 

II. THE UNIVARIATE RAYLEIGH 

DISTRIBUTION  
 

The hazard rate function (HRF) and the cumulative 

hazard rate function (CHRF) of a continues random 

variable T that follows a Rayleigh distribution are given, 

respectively, by    

ℎ(t) = 2αt,(6) 

and    

𝐻(t) = 𝛼𝑡2,     (7) 

The mixture representation for the Rayleigh is obtained 

by substituting (4) and (5) in (3) as follows 

𝑓(t|𝑢) =
2αt

𝑢
, u > 𝑙𝑛 (𝛼𝑡2)   (8) 

Therefore, the Pdf of Rayleigh can be written as   

𝑓(t) = 2αt 𝑒𝑥𝑝(−𝑢), u > 𝛼𝑡2   (9) 

A. Estimation of the Parameters of Univariate 

Rayleigh Distribution  
The Bayesian method is used to obtain estimates of the 

Rayleigh parameter via Gibbs sampler algorithm. The 

Gibbs sampler will be used to obtain random variables 

from posterior distributions of the Rayleigh distribution. 

See [3], [11], [12]. 

Suppose that 𝑇 = 𝑡1, . . . , 𝑡𝑛 is a random sample from 

Rayleigh distribution, and 𝑈 = 𝑢1, . . . , 𝑢𝑛 is a random 

sample from gamma(2,1) distribution given in (4). Then, 

the likelihood function can be written as 

𝐿(𝛼|𝑇, 𝑈) = (2𝛼)𝑛𝑒𝑥𝑝(∑ 𝑙𝑛(𝑡𝑖)
𝑛
𝑖=1 )𝑒𝑥𝑝(− ∑ 𝑢𝑖

𝑛
𝑖−1 ) (10) 

A non-informative priors for the parameter α is given by  

𝜋(𝛼) =
1

𝛼
  .                   (11) 
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Then, the posterior distribution is  

𝑓(𝛼|𝑇, 𝑈) = 𝛼𝑛−1𝑒𝑥𝑝(∑ 𝑙𝑛(𝑡𝑖)
𝑛
𝑖=1 )𝑒𝑥𝑝(− ∑ 𝑢𝑖

𝑛
𝑖−1 ) (12) 

whereα < 𝑚𝑖𝑛 (
𝑢𝑖

𝑡𝑖
2). It is clear that the conditional 

distribution of the parameters α is not in closed form. In 

order to apply Monte Carlo integration, the full conditional 

distribution is sampled as follows:  

First: we sample the marginal posterior of𝑢𝑖, i=1,…,n 

which is given by 

𝑓(𝑢𝑖|𝛼, 𝑇) = 𝑒𝑥𝑝(−𝑢𝑖),   𝑢 > 𝛼𝑡𝑖
2.    (13) 

This is exponential restricted to(𝛼𝑡2, ∞). 

Second: we sample the marginal posterior of α, which is 

given by 

𝑓(𝛼|𝑇, 𝑈) = 𝛼𝑛−1𝑒𝑥𝑝(∑ 𝑙𝑛(𝑡𝑖)
𝑛
𝑖=1 ), 𝛼 < (𝑢𝑖/𝑡𝑖

2) (14) 

 

It can be seen that the above marginal posteriors of α is 

not in closed form. Therefore, Algorithm 1in Appendix is 

applied to sample the posterior distribution of the 

parameter α. 

 

III. BIVARIATE RAYLEIGH DISTRIBUTION 
 

The idea of constructing univariate   Rayleigh 

distribution illustrated in section 2 could be extended to 

bivariate   Rayleigh based on copula and M mixture 

representation, where M denotes the set of densities for a 

random variable T on [0,∞). This can be obtained by 

considering bivariate gamma distribution of the latent 

variables  𝑈 = (𝑈1, 𝑈2),with two marginal gamma 

distribution given in (4) using copula with unknown 

correlation parameter ρ. Then obtaining the joint bivariate 

distribution of 𝑈 and  𝑇 = (𝑇1, 𝑇2) and assuming that 

𝑇1, 𝑇2 are conditionally independent given𝑈1, 𝑈2.  

Then, the joint Pdf of the bivariate distribution based on 

M mixture representation with Gaussian copula can be 

written as 

𝑓(𝑇1, 𝑇2) = ∫ ∫ ∏ 𝑓(𝑡𝑗|𝑢𝑗)𝑓(𝑢𝑗)2
𝑗=1 𝐶𝐺

′∞

𝐺2

∞

𝐺1
𝑑𝑢1𝑑𝑢2,              

where 𝐺𝑗 = 𝐻(𝑡𝑗), 𝑓(𝑡𝑗|𝑢𝑗)is given by (5), 𝑓(𝑢𝑗) is given 

by (4), and  𝐶𝐺
′  is the Pdf of Gaussian copula given by  

CG
` =  

exp{
−1

2(1−ρ2)
(y1

2−2ρy1y2+y2
2)}

2π√1−ρ2
,   (15) 

where 𝑦1, 𝑦2 have standard normal distribution. 

Therefore, the joint pdf of bivariate Rayleigh distribution 

based on mixture with Gaussian copula can be written as   

𝑓(𝑇1, 𝑇2) = ∫ ∫ 4𝛼1𝑡1𝛼2𝑡2exp (𝑢1)exp (𝑢2)𝐶𝐺
′∞

𝐺2

∞

𝐺1
𝑑𝑢1𝑑𝑢2.

 (16) 

 

IV. ESTIMATION OF THE PARAMETERS OF 

BIVARIATE RAYLEIGH DISTRIBUTION 

 

Bayesian method is used to estimate the vector of 

parameters of the bivariate Rayleigh, (𝛼1, 𝛼2, 𝜌). The 

Gibbs sampler procedure is used to obtain random 

variables from the posterior distribution associated with 

the bivariate Rayleigh distribution.  Then assuming that 

the prior distribution of the parameter 𝛼𝑗 as 

𝜋(𝛼𝑗) ∝  
1

𝛼𝑗
, 𝑗 = 1,2.     (17) 

In addition, assuming that the correlation parameter ρ 

has a uniform prior distribution defined on the interval (-1, 

1). 

Then, the joint posterior distribution of the parameters 

given a random sample of size n of the bivariate Rayleigh 

is given by 

𝑓 (𝛼, 𝜌, 𝑈|𝑇)

= ∏ 𝜋(𝛼𝑗)𝜋(𝜌)
2

𝑗=1
∏ 𝑓(𝑡𝑗𝑖|𝑢𝑗𝑖)𝑓(𝑢𝑗𝑖)

𝑛

𝑖=1
𝐶𝐺

′  

where 𝑢𝑗𝑖 > 𝛼𝑗𝑡𝑗
2, j=1,2. Then, we sample the following:  

First: Sample the marginal posterior of 𝑢𝑗𝑖 from 

𝑓(𝑢𝑗𝑖|α, 𝑢−𝑗𝑖 , 𝑇) ∝ 𝑒𝑥𝑝 {−𝑢𝑗𝑖 −
𝑥𝑖

2
} 

where  

𝑥𝑖 =
𝑦2

j𝑖−2𝜌𝑦j𝑖𝑦−j𝑖+𝑦2
−j𝑖

1−𝜌2 .  

Algorithm 2 in Appendix is applied to sample the above 

conditional distribution.   

Second: Sample 𝛼𝑗 from 

 

𝑓(𝛼𝑗|𝜌, 𝑇, 𝑈) = 𝛼𝑗
𝑛−1𝑒𝑥𝑝(∑ 𝑙𝑛(𝑡𝑗𝑖)

𝑛
𝑖=1 ), 𝛼𝑗 < (𝑢𝑗𝑖/𝑡𝑗𝑖

2).   

 

Algorithm 1 in Appendix is used to sample this 

conditional distribution.   

Finally, sample ρ from its posterior distribution 

𝑓(𝜌|𝛼, 𝑇, 𝑈)

∝ (1 − 𝜌2)
−𝑛

2 𝑒𝑥𝑝 {∑
𝑦2

1𝑖
− 2𝜌𝑦1𝑖𝑦2i + 𝑦2

2𝑖

−2(1 − 𝜌2)

𝑛

𝑖=1

} 

This full conditional distribution can be sampled using 

metropolis Hasting Algorithm. 

 

V. SIMULATION STUDY   
 

In this Section, simulation study is carried out to 

examine the performance of the Bayesian estimation for 

different sample sizes and different parameter values for 

the constructed bivariate Rayleigh distribution. The 

performances of the Bayesian estimates are studied mainly 

with respect to their mean squared error (MSE) over 

10000 iterations. A random samples of sizes (n=15,30,50) 

observations are generated from the bivariate Rayleigh 

distribution with marginal distributions Rayleigh(𝛼1 =
0.9) and Rayleigh(𝛼2 = 1.8) with ρ=0.7.  In addition, 

random samples of sizes (n=15, 30, 50) observations are 

also generated from the bivariate Rayleigh distribution 

with marginal distributions Rayleigh(𝛼1 = 3) and 

Rayleigh(𝛼2 = 4) with ρ=0.7. The Gibbs sampler is used 

to estimate the parameters of the bivariate Rayleigh 

distribution in which the Markov chain ran for 10000 

times. 

The results are illustrated in Tables I and II for different 

sample sizes (n=15, 30, 50) and given values of the 

parameter.  

It can be seen from Tables I and II that parameter 

estimates improved with increases in sample size. In 

addition, for all selected values of α1, α2, and ρ the MSE 

of the estimates α̂1,α̂2, and ρ̂become smaller as the sample 
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size increases. For α1 smaller than one, the behavior of the 

estimates α1 and  α2 get better based on MSE. 

 

Table I: Mean estimates and the corresponding Bias and 

MSE of the Bayesian estimators for 𝛼1 = 0.9, 𝛼2 =
1.8, 𝜌 = 0.7. 

n 
Parameter 

estimate 
Bias MSE 

15 

�̂�1 0.9046 0.0046 0.0045 

𝛼2̂ 1.8099 0.0099 0.0179 

�̂� 0.6129 0.0871 0.0240 

30 

�̂�1 0.9013 0.0013 0.0010 

𝛼2̂ 1.8026 0.0026 0.0041 

�̂� 0.6579 0.0421 0.0094 

50 

�̂�1 0.9011 0.0011 0.0004 

𝛼2̂ 1.8023 0.0023 0.0016 

�̂� 0.6763 0.0236 0.0046 

 

Table II: Mean estimates and the corresponding Bias and 

MSE of the Bayesian estimators for 𝛼1 = 3, 𝛼2 = 4, 𝜌 =
0.7. 

n 
Parameter 

estimate 
Bias MSE 

15 

�̂�1 3.0156 0.0156 0.0410 

�̂�2 4.0221 0.0221 0.0886 

�̂� 0.6129 0.0871 0.0240 

30 

�̂�1 3.0045 0.0045 0.0114 

�̂�2 4.0059 0.0059 0.0202 

�̂� 0.6579 0.0421 0.0094 

50 

�̂�1 3.0038 0.0038 0.0044 

�̂�2 4.0051 0.0051 0.0078 

�̂� 0.6763 0.0237 0.0046 

 

The predicted observations can be obtained by applying 

the inverse of the conditional distribution function of the 

Rayleigh distribution as  

𝑡𝑗𝑘 = √
𝑢𝑗𝑘𝑣𝑗𝑘

𝛼𝑗𝑘
, 𝑗 = 1,2, 

where v~uniform(0,1), 𝛼𝑗𝑘,𝑖𝑠 the sampled values of 𝛼𝑗  at 

iteration k of the MCMC run and 𝑢𝑗𝑘 is the jth element of 

a new bivariate vector of the observations generated from 

the bivariate gamma mixing distribution with correlation 

parameter sampled at the kth  iteration of the MCMC. 

 

VI. DATA ANALYSIS 
 

The American football league data obtained from the 

matches played in 1986 with two variables where; 

𝑇1: the game time to the first points scored by kicking 

the ball between goalposts 

𝑇2 : the game time to the first points scored by moving 

the ball into the end zone, See [6]. 

These times are important to know how long one has to 

wait to watch a touchdown or to an observer who is 

interested only at the beginning stages of a game. 𝑇1 and  

𝑇2 are positively correlated. Therefore, we use bivariate 

Rayleigh distribution to fit this data 

As mentioned by [15] that the marginals are tested using 

Kolmogorov-Smirnov (K-S) separately. The K-S test 

values and the associated p values (reported in brackets) 

for 𝑇1 and  𝑇2 are 0.1419 (0.3666) and 0.1525 (0.2557), 

which indicate that the bivariate Rayleigh distribution 

provides appropriate fit for this bivariate data.  

In addition, goodness of fit test is conducted to examine 

the appropriateness of Gaussian copula for this dataset 

based on Sn statistics which showed that it is suitable with 

(p-value > 0.05). The copula parameter is estimated 

through inversion of Kendall’s tau to be 0.88 which can be 

used as initial value when fitting bivariate Rayleigh 

distribution. For details, see [10]. 

Bayesian estimates and associated credible intervals of 

the bivariate Rayleigh parameters are reported in Table III. 

 

Table III: Bayesian estimates and the corresponding95% 

credible interval of the bivariate Rayleigh parameters. 

Parameter 

estimate 

95% Credible Interval 

2.5%   97.5% 

�̂�1 5.8499 6.3849 6.0015 

�̂�2 7.8001 8.5132  8.0021 

�̂� 0.6858 0.6208 0.7431 

 

VII. CONCLUDING REMARKS 
 

In this paper, we proposed a new bivariate Rayleigh 

distribution based on the Gaussian copula with univariate 

Rayleigh distribution as marginals. Bayesian estimation is 

performed to estimate the unknown parameters of the 

proposed distribution.  Simulation study and real data 

application showed the flexibility of the proposed bivariate 

Rayleigh distribution. It is also provides a suitable fit for 

the data. 

 

APPENDIX 
 

Algorithm 1 

Note that for the univariate case, j=1. 

Given a random sample of Tji   =   (T1i , T2i)  ,   i  =

  1, . . . , n from Rayleigh distribution, and a random sample 

of Uji   =   (U1i , U2i)  ,   i  =   1, . . . , n from gamma(2,1) 

distribution.  

1. Introduce a non-negative latent variablevj. The joint pdf 

of vj and αj is given by  

f (αj , ν)  ∝ 𝛼𝑛−2 , αj > Αj, ν <
dj

αj

 , 

where 

Aj =  
uji

𝑡𝑗𝑖
2 ,            𝑑𝑗 = 𝑒𝑥𝑝 (∑ ln (𝑡𝑗𝑖

𝑛

𝑖=1

) 

2. Give a value of the parameter α, v is sampled from 

Uniform(0 , αjdj). 

3. Finally, use the distribution function inverse method  to 

sample αj 

f (αj|ν𝑗)  ∝  α𝑗
𝑛−2 , (Bji < αj < Aji),    Bj  =

𝑣𝑗𝑖

dj

 . 
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Thus,  

αj = ([Aj
n−1 − Bj

n−1]δ + Bj
n−1)

1

n−1, 

where δ is Uniform(0 , 1). 

Algorithm 2 

1. Introduce a non-negative latent variableτ, such that  

f (uji , τ)  ∝  e−uji  Ι (τ < 𝑒𝑥𝑝 (
− xi

2
)) , uji > 𝛼𝑗𝑡𝑗𝑖. 

2. Choose the initial values of uji to be  

uji  =  ln(𝛼𝑗𝑡𝑗𝑖)  +  1 , j =  1 , 2. 

3. Sample τ from Uniform (0 , exp (
− xi

2
)). 

4. Sample ujifrom f (uji|τ) 

f (uji|τ)   ∝  e−uji  , (Αi < uji < Βi) , 

where 

Αi  =  max [𝛼𝑗𝑡𝑗𝑖 , Fuj
−1{Φ (δ1i)}] ,

Βi  =  Fuj
−1{Φ (δ2i)},

δ1i   =   
y−ji

ρ
 − qi , δ2i   =  

y−ji

ρ
  +  q

qi  =  √ − 2 ( 1 −  ρ2) { ln (τ)  + 
y−ji

2

2ρ4
}

 

f (uji|τ) is a double truncated distribution which easily 

sampled using inverse transform sampling method. Then, 

for ν  ~  Uniform  (0 , 1) 

uji  =   − ln (e− Bi  +  ν [e− Αi  −  e− Βi]), see[9] 
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